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A magneto-optic modulator with unit quantum efficiency
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We propose a device for the reversible and quiet conversion of microwave photons to optical
sideband photons, that can reach 100% quantum efficiency. The device is based on an erbium
doped crystal placed in both an optical and microwave resonator. We show that efficient conversion
can be achieved so long as the product of the optical and microwave cooperativity factors can be
made large. We argue that achieving this regime is feasible with current technology and we discuss
a possible implementation.
PACS numbers: 03.67.-a, 32.80.Qk, 42.50 p, 78.47.jf
In recent years there has been spectacular progress
in the development of devices based on superconducting
qubits for quantum information processing [1–8]. How-
ever two problems hinder the application of supercon-
ducting qubits, namely the inability to send quantum
states over long distances, and the lack of a long term
memory. These two problems have spawned the new field
of ‘hybrid quantum systems’, in which the coupling of su-
perconducting qubits to a wide range of other physical
systems, such as spin systems [9] and nano-mechanical
systems [10], is being investigated. The two problems
could also be solved by the reversible inter-conversion
between qubits encoded in microwave photons (which
couple naturally to superconducting qubits) and optical
photons. The quantum memories that are available for
light [11–15] could then be used, as could optical fibers
for the long distance transmission of quantum states.
There have been theoretical proposals [16–18] and im-
pressive experimental [19] demonstrations of reversible
and efficient but noisy conversion of microwave photons
to optical sideband photons using a microwave and an op-
tical resonator both coupled to the same nano-mechanical
oscillator. Here we propose inter-conversion between mi-
crowave photons and light by operating close to the nar-
row resonances in rare earth doped solids and using the
resulting large nonlinearities. The advantage using rare
earth dopants for the nonlineariety is that we only re-
quire temperatures cold enough to freeze out microwave
frequency excitations rather than the very low temper-
atures required to freeze out the mechanical resonances.
The narrow mechanical resonance also restricts the con-
version bandwidth for nano-mechanical approaches. Fre-
quency conversion from microwave to optical frequencies
using doubly and triply resonant electro-optic modula-
tors using conventional nonlinear crystals has been in-
vestigated for high efficiency conversion [20–22] but are
still a long way off unit quantum efficiency.
There have been a number of investigations of cav-
ity QED using rare earth ion dopants, using either mi-
crowave [23–26] or optical [27, 28] transitions. Here
we propose building on this work by placing an erbium
FIG. 1: An outline of a device of the type we consider. An
erbium doped crystal acts as an ensemble of Λ systems and
is coupled to a microwave resonator, an optical resonator and
coherent driving field. To enable phase matching the coherent
driving field will be applied using another mode of the optical
resonator separated by one free spectral range.
doped crystal in both a microwave and optical resonator.
One nice feature of using erbium is that the photons pro-
duced will have a wavelength near 1540 nm, where quan-
tum states can been sent many kilometers over optical
fiber.
The setup we consider is shown diagrammatically in
Fig. 1. A collection of three level atoms interact with an
optical cavity mode (frequency ωa), a microwave cavity
mode (frequency ωb) and a coherent driving field (fre-
quency ωΩ), as shown in Fig. 2. The coupling strengths
for the k-th atom to the microwave and optical resonators
are gµ,k and go,k respectively and the coherent driving
field has Rabi frequency Ωk.
This leads to the following Hamiltonian for our atoms-
cavities system.
Hsys/~ =
∑
k
(δo,kσ33,k + δµ,kσ22,k) +
∑
k
(Ωkσ32,k + h.c.)
+
∑
k
(gµ,kσ21,kb+ h.c.) + (go,kσ31,ka+ h.c.) (1)
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FIG. 2: Energy level diagram of an erbium atom showing
driven transitions. The microwave resonator is coupled to a
spin transition. The optical resonator and coherent driving
field drive the atoms from these two spin levels to a common
excited state.
where the sum is over the active atoms, σjk ≡ |j〉〈k|,
h.c. denotes Hermitian conjugate, a is the lowering oper-
ator for the optical resonator field and b is the lowering
operator for the microwave resonator field. Because of
inhomogeneous broadening in both the optical and the
spin transitions the values of δo,k and δµ,k will vary from
atom to atom. We have neglected the decay of the states
|2〉 and |3〉.
All three fields are detuned from the respective reso-
nances in the atoms but they are in three photon reso-
nance, ωb + ωΩ = ωa.
Working off resonance is important because the mi-
crowave cavity mode will include spins that are not in
the optical mode. Working off resonance means that our
precious microwave photons don’t excite these parasitic
atoms. It also greatly simplifies the dynamics of the de-
vice because we can adiabatically eliminate the atom dy-
namics.
For the case of cryogenic rare earth ion dopants both
the optical and spin transitions are inhomogeneously
broadened. In order to adiabatic eliminate the atom
dynamics the cavity modes must be detuned from line
center by more than the inhomogeneous linewidth, so for
any given atom the detuning will be very much larger
than its homogeneous linewidth and so the spontaneous
emission rates will be small.
Working with large detunings, where |δo,k| ≫ |go,k|,
|δµ,k| ≫ |gµ,k| and |δo,kδµ,k| ≫ |Ωk|2, enables the adi-
abatic elimination of the excited states of the atoms
[29, 30] and yields
Heff = ~
∑
k
(
− δµ,k|go,k|
2
δo,kδµ,k − |Ωk|2 a
†a− δo,k|gµ,k|
2
δo,kδµ,k − |Ωk|2 b
†b
+
Ωkgµ,kg
∗
o,k
δo,kδµ,k − |Ωk|2 a
†b+
Ω∗kg
∗
µ,kgo,k
δo,kδµ,k − |Ωk|2 b
†a
)
(2)
The Hamiltonian in Eq. (2) has four terms. The first
two are due to the off resonant atoms pulling the reso-
nant frequencies of the two cavities. We will ignore these
terms as they can easily be compensated for by tuning
the two resonators. The third and fourth term are a lin-
ear coupling between the two modes with strength which
we shall denote by S. Because of the conditions required
for adiabatic elimination S becomes
S =
∑
k
Ωkgµ,kg
∗
o,k
δo,kδµ,k
(3)
Using the input-output formalism we can get the fol-
lowing relations between the microwave and optical cav-
ity fields and their input modes [31].
a˙ = −iSb− κa
2
a−√κaain(t)
b˙ = −iS∗a− κb
2
b −√κbbin(t)
(4)
Here κa and κb are the decay rates for the two cavities.
Fourier transforming this and using the input output re-
lations [31] gives.
a˜out(ω) =
4iS
√
κaκb
4|S|2 + (κa − 2iω)(κb − 2iω) b˜in(ω)
+
4|S|2 − (κa + 2iω)(κb − 2iω)
4|S|2 + (κa − 2iω)(κb − 2iω) a˜in(ω)
b˜out(ω) =
4iS∗
√
κaκb
4|S|2 + (κa − 2iω)(κb − 2iω) a˜in(ω)
+
4|S|2 − (κa − 2iω)(κb + 2iω)
4|S|2 + (κa − 2iω)(κb − 2iω) b˜in(ω)
(5)
The first terms in the right-hand side of Eqns. (5) give
photon conversion between the microwave and optical
fields and the second terms describe the signals reflected
from the cavities. The number conversion efficiency is
given by
η(ω) =
∣∣∣∣ 4iS
√
κaκb
4|S|2 + (κa − 2iω)(κb − 2iω)
∣∣∣∣
2
(6)
There is impedance matching when 4|S|2 = κaκb giving
the desired result, on resonance (ω = 0) the input mi-
crowave field is mapped completely onto the output op-
tical field and vice-versa. The bandwidth for the conver-
sion is the geometric mean of the two cavity linewidths.
The situation is completely analogous to two optical cav-
ities that share a partially transmissive end mirror. If the
coupling between the two cavities is chosen appropriately
the input to one of the cavities becomes the output of the
other, see Fig. 3.
To get an intuitive understanding of the requirements
for impedance matching we first assume that the g, Ω, δ,
∆ parameters are real and the same for each atom. By
doing this we are ignoring for the moment the problems
of phase matching and mode overlap by assuming that all
3a b
Sκa
bout(t)
bin(t)
aout(t)
ain(t)
κb
FIG. 3: Two optical cavities that are coupled by sharing a
partially transmissive end mirror. If the reflectivity of this
end face mirror is tuned appropriately then, on resonance,
the three mirrors will have 100% transmission.
the atoms are located at the maximum of the microwave
and both the optical fields. With this assumption we can
write our impedance matching condition 2|S| = √κaκb
as √
Ng2µ
κbδµ
×
√
Ng2o
κaδo
× 2Ω√
δµδo
= 1 (7)
Obviously we can easily reduce the left hand side by
turning down the classical drive field and therefore re-
ducing Ω. The challenge is to get the left hand side up
to one.
In order that the cavity is detuned from the microwave
resonance the δµ needs to be bigger than the inhomoge-
neous linewidth (γµ) of the spin transition . This means
that the first term in Eq. 7 is bounded above by the mi-
crowave cooperativity factor
√
Ng2µ/(κbγµ). For an anal-
ogous reason the second term is bounded above by the
optical cooperativity factor. The third term is bounded
above by one due to the conditions for adiabatic elimi-
nation. To achieve efficient upconversion it is therefore
necessary to be in the strong coupling regime for either
or both of the microwave and optical couplings, such that
the product of the microwave and optical cooperativity
factors is greater than one. This should be feasible in
light of recent research in rare earth cavity QED. Using
microwave resonators and spin transitions there are re-
ports close to [23, 32] and achieving [24–26, 33–35] strong
coupling. For optical cavity QED with rare earths achiev-
ing the many atom strong coupling regime is straightfor-
ward, and people have strived for, but not yet achieved,
strong coupling for a single dopant [27, 28]. It is much
easier to achieve strong coupling with many atoms be-
cause the penalty you pay, which is the square root of
the ratio of inhomogeneous to homogeneous broadening,
is much smaller than the benefit you get, which is the
square root of the number of dopants. This is especially
the case in systems where erbium replaces yttrium where
the inhomogeneous broadening tends to be small.
We now relax the assumptions we made earlier to ar-
rive at Eq. 7. We allow the values of g, Ω, δ, ∆ again
to vary from atom to atom. This is to account for im-
perfect phase matching and mode overlap between the
optical and microwave modes as well as more accurately
deal with inhomogeneous broadening.
To show that efficient conversion is feasible experimen-
tally we will concentrate on three dimensional 3D copper
microwave resonators containing the (nuclear spin free)
even isotopes of erbium in yttrium orthosillicate (YSO).
Er3+ has an odd number of f electrons, so for nuclear
spin free isotopes both the lowest crystal field level of the
ground state I15/2 manifold and the lowest crystal field
level of the electronically excited I13/2 manifold are dou-
bly degenerate. This degeneracy is broken by a magnetic
field and 5 GHz ground state splitting can be achieved
with a magnetic field of the order of 100mT. The effec-
tive spin Hamiltonian for the ground state and excited
state are known [36], allowing field orientations that lead
to lambda transitions to be identified.
An alternative approach to the one we consider here
would be to use 167Er, which has nuclear spin 7/2, with
superconducting microwave resonators. In YSO the hy-
perfine structure of 167Er is split over ∼ 5GHz at zero
magnetic field, which is attractive because superconduct-
ing resonators have high Q-factors at zero magnetic fields,
but can suffer from additional losses in magnetic fields
[37]. The ground state hyperfine structure for 167Er:YSO
has been determined [38] and low frequency lambda tran-
sitions have been observed [39] . However, the excited
state hyperfine structure remains unknown and lambda
systems using the full 5GHz splitting haven’t been ob-
served.
In order to separate out the effects of inhomogeneous
broadening from the spatial variations of the fields in S
we introduce two parameters. The first, α, only depends
on the number density and spectroscopy of erbium,
α ≡
√
µ0
~2ǫ0
d31µ21ρ
∫ ∞
ǫµ
Dµ(δµ)
δµ
dδµ
∫ ∞
ǫo
Do(δo)
δo
dδµ
(8)
Here d31 is the electric dipole moment for the 1 ↔ 3
transition, µ21 is the magnetic dipole moment for the 1↔
2 transition, ρ is the number density of the Er ions within
the crystal, and Dµ(δµ) and Do(δo) are inhomogeneous
broadening distribution functions for the microwave and
optical transitions respectively, which we shall assume to
be Gaussian with standard deviations σµ and σo. The
lower bounds on the integrals in α should be chosen far
from the mean of the Gaussian distributions but need to
be chosen > 0 to avoid the problems at δ = 0 due to the
breakdown of the adiabatic approximation.
The effects of imperfect phase matching and mode
overlap can be described by a “filling factor” parameter
F ≡ 1√
VµVo
∣∣∣∣
∫
Vc
χ(r)ψ(r)φ(r) d3r
∣∣∣∣ (9)
Here Vc is the crystal volume. The microwave and op-
tical mode volumes are denoted by Vµ and Vo respec-
tively. The χ(r), ψ(r) and φ(r) are the mode-functions
for the microwave and two optical modes respectively.
4FIG. 4: Diagrams showing proposed (a) microwave (to scale),
(b) optical resonator, (not to scale) geometry and (c) mi-
crowave field distributions, on the left viewed from in front,
on the right viewed from above. The 5mm-diameter crys-
tal sits in the middle of the loop-gap resonator. The optical
resonator would be hemilithic, with the anti reflection coated
face of the crystal to improve the stability of the large mode
diameter optical resonator
With these two parameters we can write our impedance
matching parameter R as
R ≡ 2|S|√
κaκb
= ΩαF
√
QaQb (10)
where Ω is the peak Rabi frequency, and Qa and Qb are
quality factors for the optical and microwave resonators
respectively.
To consider what values for R might be possible in
practice we consider here a shielded loop-gap resonator
[40] and a Fabry-Pe´rot resonator, as shown in Fig. 4.
The magnetic field of the loop-gap resonator is concen-
trated in and reasonably uniform over the middle hole,
see Fig. 4c. The optical modes are TEM00 Gaussian
modes with a waist diameter of 1mm, which is large but
not unprecedented [41]. We have made a number of mi-
crowave resonators similar to Fig. 4 and have achieved
Qb > 2000 and combined copper-dielectric resonators
can have Q-factors as high as 70 000 [26]. The mode
frequencies are ωb = 2π× 5GHz, ωa = 2π× 190THz and
ωΩ = ωa − ωb. The value for F for these resonators was
calculated using FDTD (finite difference time domain)
solutions for the microwave resonator and paraxial op-
tics for the optical resonator, giving F = 0.0084.
To calculate the α for our resonators we take Dµ to
have a standard deviation of 1MHz and a mean of 3σµ
and Do to have a standard deviation of 500MHz and a
mean of 3σo [42]. We take ǫµ = 0.5σµ and ǫo = 0.5σo. For
Er:YSO we have that d31 = 2.13× 10−32Cm [43] and for
the |−15/2〉 → |15/2〉 spin transition we have that µ21 ≈
15µB/2, where µB is the Bohr magneton. The Zeeman
g tensor of Er:YSO is anisotropic and so maximizing the
magnetic dipole moment requires correctly orientating
the Er:YSO crystal [24]. We assume that the crystal is a
0.001% doped Er:YSO cylinder that fills the small hole
of our loop-gap resonator. We then obtain that α =
1.43× 10−10 s. We take Ω = 10MHz, which ensures that
Ω2 < δµδo as required for the adiabatic approximation.
A contour plot of R versus F and QaQb provides a
means to visualize the feasibility of achieving complete
photon conversion and is shown in Fig. 5. Complete
photon conversion is achievable in the red region where
R > 1.
QaQb
F R > 1
R < 1
0 0.5 1 1.5 2 2.5
x 1010
5
6
7
8
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10
x 10−3
FIG. 5: Contour plot of R versus the filling factor F and the
quality factor product QaQb. Complete photon conversion is
achievable in the red region, where R > 1. The horizontal
dashed line shows the filling factor for the geometry shown
in Fig. 4 and the vertical dashed line corresponds to quality
factors of Qa = 10
7 and Qb = 2000. The intersection of
these lines gives a realistically achievable R value of 1.7 (solid
black disc) and therefore our resonator design is theoretically
capable of achieving complete photon conversion.
Quality factors of Qa & 10
8 are obtainable for Fabry-
Pero´t resonators made out of YSO at 606 nm [44]. Tak-
ing Qa = 10
7 and Qb = 2000 gives R = 1.7 and therefore
our resonator design is theoretically capable of achiev-
ing complete photon conversion. It should be pointed
out that there is room for improvement in our param-
eters. For example, isotopically pure erbium doped yt-
trium lithium fluoride has yielded 16 MHz optical inho-
mogeneous linewidths [45] rather than the 500 MHz used
here. The microwave Q factors estimates used are also
very conservative, with Q-factors of 70 000 being demon-
strated for some copper resonators [26].
Our theoretical analysis can be adapted to other cav-
ity designs, such as a whispering gallery mode optical
resonator in combination with a transmission line mi-
5crowave resonator, similar to the most efficient electro-
optic modulators demonstrated [22].
In conclusion we propose using an erbium doped crys-
tal in both an optical and microwave resonator to achieve
complete photon conversion between microwave and opti-
cal fields. We present a theoretical analysis of a proposed
design that should be within the reach of current tech-
nology. The analysis shows that our design is capable of
achieving complete photon conversion.
The authors would like to acknowledge the Marsden
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While preparing this manuscript we became aware of
another proposal using erbium dopants for microwave
upconversion that uses photon and spin echo techniques
[46].
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